The behavior of the disjunctive operator, defined by Balas, Ceria and Cornuéjols, in the context of the "antiblocker duality diagram" associated with the stable set polytope, QSTAB(G), of a graph and its complement, was first studied by Aguilera, Escalante and Nasini. The authors prove the commutativity of this diagram in any number of iterations of the disjunctive operator. One of the main consequences of this result is a generalization of the Perfect Graph Theorem under the disjunctive rank.
Introduction
This work is inspired by results on the disjunctive procedure defined by Balas et al. in [3] , over the clique relaxation of the stable set polytope in the context of the "antiblocker duality diagram".
Aguilera et al. proved in [2] that, for any graph G,
P F ([P F (QST AB(G))]
where K C denotes the antiblocker of a polyhedron K and P F (K) stands for the application of the disjunctive operator iteratively on a set of indices F. We refer to this result as, for any F, the disjunctive operator commutes, the following "antiblocker diagram"
QST AB(G) ←→ [QST AB(G)] C antiblocker P F ↓ ↑ P F P F (QST AB(G)) ←→ [P F (QST AB(G))] C antiblocker (1.1)
The commutativity of Diagram (1.1) allows the following nice generalization of Lovász's Perfect Graph Theorem.
Theorem (Generalized perfect graph theorem [2]). Given a graph G and its complement G, QST AB(G) and QST AB(G) have the same disjunctive index.
These results were reconsidered in [13] , [7] and [11] providing alternative proofs of the commutativity of the diagram and of the above mentioned generalization.
Moreover, in [11] Lipták and Tunçel study the commutativity of the antiblocker diagram for the lift-and-project operators N 0 , N and N + defined by Lovász and Schrijver in [12] . They show that the diagram does not commute in one iteration of the N 0 -and N-operator and for the N + -operator they only arrive to implicitly suggest a similar result through the theorem below.
Theorem (Lipták and Tunçel [11]). If there is
In this work we show that the knowledge of the N + -operator is enough to complete the understanding of its behavior in the context of the antiblocker duality diagram, providing an explicit proof of the non commutativity of the N + -diagram in any number of iterations. Moreover, studying the N 0 -and N-rank of line graphs (of complete graphs), we prove that the diagram does not commute for the N 0 -and N-operator, in any number of iterations either.
An extended abstract of this paper, without proofs, can be found in [6] .
Definitions and previous results
In order to present Lovász and Schrijver's procedures, we follow Lipták and Tunçel in [10] . The elements of R n+1 are indexed by 0, 1, . . . , n and the elements of a convex coneK ⊆ R n+1 are denoted by y = (y 0 , y 1 , . . . , y n ) T = y 0
x . Let us also denote by conv(H ) the convex hull of the elements in a set H, by n+1 , the space of (n + 1) × (n + 1) symmetric matrices with real entries,
n+1
+ denotes the space of positive semidefinite (PSD) matrices and e j the jth unit vector.
ConsideringK a convex cone in R n+1 such that
n andK 0 the set of the integral vectors inK, let
The projection
We can now restrict the above lifting to symmetric matrices
In this paper we are most interested in the relaxation obtained by restricting the matrix Y to be PSD. Defining
For simplicity, when we say that we are applying the N 0 , N or N + operator to a convex set K ⊆ [0, 1] n we mean that we consider the cone generated by vectors of the form 1 x , where x ∈ K, apply the corresponding procedure, then take the convex subset of [0, 1] n defined by the intersection of this cone with
Denoting by N m 0 (K), N m (K) and N m + (K) the convex sets obtained after applying the corresponding operator m times in succession, in [12] it is proved that
,
This property allows the definition of r + (K), the N + -rank of K, as the smallest integer r for which N r + (K) = conv(K 0 ). The N 0 -and N-rank (denoted by r 0 (K) and r(K)) are defined in a similar way. Let us denote by N any of the operators N 0 , N or N + and r the corresponding rank, when it is not necessary to distinguish between them.
Balas et al. [3] present another lift-and-project procedure defined on polytopes
For j ∈ {1, . . . , n}, it is shown in [3] that the polytope P j (K) obtained after one lift-and-project iteration can be described as
. . , n}, the authors prove in [3] that
which allows us to denote the polytope
Therefore, the disjunctive rank of K, r d (K), can be defined as the smallest cardinality of F ⊆ {1, . . . , n} for which
n , the relaxations obtained by the above defined procedures satisfy the following relationships:
Therefore,
Given a T x b a valid inequality for conv(K 0 ), the N -rank of the inequality is the minimum number k of applications of the N -operator such that it becomes a valid inequality for N k (K). It is clear that the r (K) is the maximum rank of the facet defining inequalities of conv(K 0 ). The disjunctive rank of the inequality can be defined in a similar way as the smallest cardinality of F ⊆ {1, . . . , n} for which the inequality becomes valid for P F (K) .
In this paper, we study the behavior of the lift-and-project operators over relaxations of the stable set polytope. Let us present some definitions related to graphs.
Let G = (V , E) be an undirected simple graph with |E| = m and |V | = n. For a given subset U of V, E(U ) stands for the set of edges whose endpoints are in U and (U ), the set of edges incident on exactly one node in U. In the case U = {v}, (U ) = (v). The neighborhood of a node v ∈ V , (v), is the set of its adjacent nodes. The graph G − v, obtained by deletion of the node v, is the subgraph of G induced by V \{v} and the graph obtained by destruction of
A subset of nodes of G is a stable set (clique) if no pair (every pair) of them are adjacent in G. The stable set polytope of G, ST AB(G), is the convex hull of the characteristic vectors of the stable sets in G.
The edge relaxation of ST AB(G) is given by
and the clique relaxation is
Clearly,
ST AB(G) ⊆ QST AB(G) ⊆ F RAC(G).

It is well-known that ST AB(G) = QST AB(G) if and only if G is a perfect graph and ST AB(G) = F RAC(G) if and only if
G is bipartite (see [12, 4] ). Let us consider another relaxation T H (G) of the stable set polytope defined by Grötschel, Lovász and Schrijver (see [8] ).
An orthonormal representation of a graph is a convex set with (see [12] )
The above presented relaxations and those obtained after an application of the N -operator are antiblocking type convex sets in the following sense: K is of antiblocking type if ∅ = K ⊆ R n + and if x ∈ K and 0 y x implies y ∈ K. The antiblocker of K, K C , is defined as
T x 1 for every x ∈ K}. If G is the complementary graph of G, in [8] it is proved that
3)
The well known result
can be seen as the commutativity of the following duality diagram
where the vertical arrows stand for the operator that maps any polytope K into the convex hull of K 0 . In connection with this type of diagram, Aguilera et al. proved in [2] that, given a graph G with node set N,
for any F ⊆ N . This result means that the disjunctive operator commutes the following diagram for any F ⊆ N ,
This result also proves that the disjunctive rank of the clique relaxation of the stable set polytope in a graph and its complement do always coincide, providing the previously mentioned Generalization of the Perfect Graph Theorem.
In order to study the behavior of the N -operator in this context, we define the N -rank of a graph G as the N -rank of
QST AB(G) and we denote it by r (G). The disjunctive rank of a graph, r d (G), is defined in a similar way. Moreover, we simplify the notation. Let QST AB(G) = Q(G) and N k (G) = N k (Q(G)).
We say that the N -diagram commutes for k and for a graph G if
The N -diagram commutes for k, if it commutes for k and for every graph G and it just commutes if it commutes for every k. Let us remark that, the assertion "the N -diagram does not commute" is weaker than "the N -diagram does not commute for any k". In this sense, Lipták and Tunçel, in [11] , show the non commutativity of the N 0 -and N-diagram for one value of k, k = 1, proving that the graph G, given in Fig. 1, satisfies 
N([N (G)] C ) = [Q(G)]
C and with the same graph they obtain a similar result for N 0 .
The authors comment that it is not possible to follow the same reasoning for greater values of k since it is very hard to handle the calculation needed in these cases.
For the N + -operator, even in case that P = NP is proved, Theorem 1.2 would only imply that N + -diagram does not commute for k = O(1).
In our proofs we make use of some known results on the lift-and-project ranks for stable set and matching polytopes of a graph.
First, in relation with the disjunctive operator, it is proved that the rank of the clique (edge) relaxation of the stable set polytope of a graph is the smallest number of nodes one has to delete from G in order to obtain a perfect (bipartite) graph (see [13, 9, 11] ).
In addition, the following lemma due to Lovász and Schrijver [12] , gives bounds for the N + -rank of a graph.
Lemma. If
Gv has N + -rank at most r for every v ∈ V , then G has N + -rank at most r + 1.
In order to analyze the commutativity of the N 0 -and N-diagram we will use known results on the matching polytope and their relationship with the stable set polytope of line graphs.
A matching on G is a subset of edges such that no two of them are incident on a common node. Given x ∈ R E and F ⊆ E, x(F ) denotes i∈F x i . Thus, x ∈ {0, 1} E is the characteristic vector of a matching if and only if it satisfies
The matching polytope MAT CH (G) is the convex hull of the characteristic vectors of the matchings on G. Edmonds [5] showed that this polytope is described by the inequalities in (2.4) and the odd set constraints,
for all odd subsets U of V with |U | 3.
The inequalities in (2.4) describe the initial linear relaxation RMAT CH (G) of MAT CH (G).
Recalling that the line graph L(G) of a graph G is obtained defining a node for each edge in G and connecting two nodes in L(G) if and only if the corresponding edges of G have a common endpoint, it is clear that, for every graph G, MAT CH (G) = ST AB(L(G)).
Moreover,
Q(L(G)) ⊆ RMAT CH (G) ⊆ F RAC(L(G))
and
Q(L(G)) = RMAT CH (G) ∩ {x : x(E(C)) 1 for every 3-cycle C in G}.
Since the 3-cycle inequalities are valid for N 0 (F RAC(L(G))) (see [12] ) we have that
N (RMAT CH (G)) ⊆ Q(L(G)).
In connection with the ranks, this result implies that
r (RMAT CH (G)) − 1 r (L(G)) r (RMAT CH (G)).
(2.5)
The N + -diagram
Let us first present the following relation between the N + -operator over a graph and its complement.
Lemma. For any graph G and its complementary graph G,
N + (G) ⊆ [N + (G)] C .
Proof. Recalling that N + (G) ⊆ T H (G) we have that
Applying these relationships to G and using (2.3) we have
Now, the result clearly follows.
This lemma allows us to obtain a necessary condition for the N + -diagram to commute for a given k and a given graph G. N + -diagram commutes for k and a graph G, then r + (G) k + 1. Proof. Let G be a graph such that the diagram commutes for k. By Lemma 3.1 and the monotonicity of N k + we have
Corollary. If the
Since clearly
and, by the commutativity of the diagram for k and G, it holds that
Finally, we have
and then, r + (G) k + 1.
Let us observe that, since the Maximum Stable Set Problem can be solved in polynomial time for graphs with bounded N + -rank, the previous corollary implies Theorem 1.2 by Lipták and Tunçel.
Moreover, Corollary 3.2 allows us to prove that the N + -diagram does not commute for k finding a graph G k such that r + (G k ) > k.
Stephen and Tunçel prove in [15] that, if K 2k+1 denotes the complete graph of 2k + 1 nodes,
Using ( 
The N 0 -and N -diagram
In relation with the N-operator on the matching problem, in [1] it is proved that
This result, together with (2.5), implies that
Although we hardly believe that the N 0 -and N-operator share the behavior of N + shown in Lemma 3.1, we can not use the tool given by Corollary 3.2 for proving the non commutativity of their diagrams. However, (4.1) will be useful in the context of another proof strategy.
Following the reasoning in [2] for the Generalization of the Perfect Graph Theorem, if the N -diagram commutes, then r (G) = r (G) for every G. This suggests looking for graphs such that r (G) = r (G). In this sense, we have the following
Lemma. If there exists a graph G with r (G) < r (G), then the N -diagram does not commute for any k such that r (G) k < r (G).
Proof. Let k such that r (G) k < r (G). Since r (G) k then
On the other hand, since
, and the diagram does not commute for k and G.
The previous lemma and (4.1) lead us to consider, for any k, the graph G k = L(K 2k+3 ) and it only remains to decide if r (G k ) k.
In this sense, it is known that for all k, G k is a near-bipartite graph (that is, the destruction of any node results on a bipartite graph) and then by Lemma 2.1, r + (G k ) = 1. This provides an alternative proof of the non commutativity of the N + -diagram for any k (Theorem 3.3).
Nevertheless, as far as we know, there are not results about the N 0 -and N-rank of the graphs G k . In [14] , Shepherd presents a description of the stable set polytope of the complementary graph of line graphs.
Theorem (Shepherd [14]). If G = (V , E) is a graph, then ST AB(L(G)) can be described by the non negativity constraints and the inequalities
described by each collection of node disjoint odd cycles C i (other than triangles) and a node disjoint matching M in G.
In order to give bounds for the N -rank of the complement of line graphs we will consider the disjunctive rank of the inequalities in (4.2).
It is known that the rank of the inequality is the rank of the subgraph induced by its nonzero coefficients. In this sense, let us define the following graph operation:
Given
It is not hard to see that the subgraph of L(G) induced by the nonzero coefficients in an inequality of type (4.2), is of the form
where M is a clique in L(G) (a matching in G) and each C i is a subset of nodes inducing an odd antihole in L(G) (odd cycle in G).
In connection with this graph operation, we have
Proof. As it was mentioned in the Introduction, the disjunctive rank of a graph is the minimum number of nodes we have to delete in order to obtain a perfect graph. Clearly, for any G 1 and G 
Proof. We know that r (L(G)) is the maximum N -rank of the valid inequalities for ST AB(L(G)).
Since the disjunctive rank is an upper bound for the N -rank, r (L(G)) is at most the maximum disjunctive rank of the valid inequalities in (4.2). By Corollary 4.4, this maximum is attained by the inequality defined by the maximum number of node disjoint odd cycles (other than triangles) in G. Clearly, this maximum corresponds to the maximum number of node disjoint 5-cycles, which is at most n/5 . The non commutativity of the N -diagram for any k proved in this paper, shows a strong contrast between N -operator and the disjunctive operator. As it was observed in [9] , all the relaxations obtained by the disjunctive operator preserves the combinatorial structure of the original relaxation while this behavior is not present in the relaxations obtained by the N -operator.
